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Abstract
We derive the full N = 2 supergravity Lagrangian which contains a
symplectic invariant scalar potential in terms of electric and magnetic
charges. As shown in reference [1], the appearance of magnetic charges
is allowed only if tensor multiplets are present and a suitable Fayet–
Iliopoulos term is included in the fermion transformation laws. We
generalize the procedure in the quoted reference by adding further a
Fayet–Iliopoulos term which allows the introduction of electric charges
in such a way that the potential and the equations of motion of the
theory are symplectic invariant. The theory is further generalized
to include an ordinary electric gauging and the form of the resulting
scalar potential is given.
1 Introduction
Standard D = 4 supergravities with N supersymmetries are usually de-
scribed, for N ≤ 4, as the coupling of the gravitational multiplet to matter
multiplets whose bosonic content is limited to scalar or vector fields. Mul-
tiplets containing massless twofold–antisymmetric tensor fields are usually
converted into ordinary vector or scalar multiplets using Hodge duality in
four dimensions between tensors and scalars [2]. However the description
of the couplings and the geometry of the σ–model is quite different in the
dual theory. This is the case, for example, of the coupling of an arbitrary
number of tensor multiplets (linear multiplets) in N = 1 Supergravity [3]
and of the coupling of the scalar–tensor multiplet in N = 2 supergravity [4].
From the point of view of compactification of ten dimensional supergravities
down to four dimensions, tensor multiplets appear naturally in D = 4 due
to the presence of antisymmetric tensors in the D = 10 theory. For a full
understanding of four dimensional gauged or ungauged supergravities in the
presence of tensor field fluxes in the parent ten dimensional theories, it seems
appropriate to keep at least some of the massive tensor fields undualized in
the resulting four dimensional Lagrangian.
In reference [5] it has been shown, at a purely bosonic level, that ten dimen-
sional Type IIA and Type IIB supergravities compactified on a Calabi–Yau
threefold, give rise to theories with with tensor multiplets and that in the
presence of general fluxes they contain both electric and magnetic charges.
Particularly, some of the tensors might become massive due to the presence
of the magnetic fluxes. For instance in the Type IIB case the universal hy-
permultiplet appears as a double tensor multiplet (B
(1)
µν , B
(2)
µν , ℓ, φ) [6] and
one of the two tensors, which come either from the R–R and NS–NS 3–form
respectively, is massive when the magnetic R–R or NS–NS flux is switched
on, due to following coupling with the vector field strengths:
FΛ → FˆΛ = FΛ + 2mIΛBI (1.1)
where I = 1 or I = 2 according to the case. Furthermore the theory with
both electric and magnetic fluxes has a symplectic invariant scalar poten-
tial and the set of equations of motion and Bianchi identities for the vector
field strengths are also symplectic invariant as in the ungauged supergravity,
provided that the electric and magnetic fluxes (mIΛ, eIΛ) transform as a sym-
plectic vector. In reference [7], the scalar potential in the presence of both
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R–R and NS–NS fluxes was derived.
This result naturally rises the question of how to understand the magnetic
charges from a purely four dimensional point of view, without introducing
ill–defined magnetic gauge potentials in the theory, as it was done in reference
[8]. The answer was found in reference [1] where it was shown that in N = 2
supergravity coupled to vector multiplets and to theN = 2 scalar–tensor mul-
tiplet (tensor multiplet in the following), the appearance of magnetic charges
can be understood as the consequence of the redefinition of the vector field-
strengths as in equation (1.1), where now, however, the index I runs on the
number of antisymmetric tensor fields contained in the tensor multiplet. This
is consistent with supersymmetry provided one performs a non–trivial gener-
alization of the fermionic transformation laws of the ungauged theory. This
modification amounts to adding to the transformation laws of the fermions a
magnetic ”mass–shift” (or Fayet–Iliopoulos term) which is therefore allowed
if and only if antisymmetric tensor fields are present.
In the quoted reference the theory was also generalized performing an ordi-
nary electric gauging. However the electric charges introduced by the gauging
cannot be identified with the electric charges of references [5],[7] since they
are not naturally paired with the magnetic charges giving rise to a symplectic
vector. Indeed, if one thinks of N = 2 supergravity with tensor multiplets as
coming from the dualization of the axionic fields on the quaternionic mani-
foldMQ then one is left with a new manifoldMT without the translational
symmetries which have been dualized. Therefore one can not obtain, on the
manifold MT , electric Killing vectors which are charged under the original
axionic symmetries.
In reference [9], the dualization of the axionic coordinates is performed after
the translational gauging has been implemented. This way one obtains that
the electric charges eIΛ associated to the gauging are naturally paired with
the magnetic charges which one can generate by means of a suitable symplec-
tic rotation. The approach of [9] however is not the most efficient in order
to implement supersymmetry and to derive the supersymmetric Lagrangian,
which in fact was not constructed.
In this paper we take the attitude of constructing the full supersymmetric
theory, namely the Lagrangian and its supersymmetry transformation laws,
directly from the content of the gravitational, vector, and tensor supermul-
tiplets, thus using as a σ–model the manifoldMT ⊗MSK. HereMT is the
σ–model parametrized by the scalar fields of the N = 2 tensor multiplet,
andMSK is the Special Ka¨hler manifold of the vector multiplets (which re-
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mains untouched with respect to the standard N = 2 supergravity). Our
results show that it is possible to have electric charges naturally paired with
the magnetic ones without performing any translational gauging, but simply
adding, to the transformation laws of the fermions, a further Fayet–Iliopoulos
term or ”electric mass–shift”, besides the magnetic one of reference [1]. As
a result of our analysis of the Bianchi identities in superspace, supersymme-
try then implies that the mass–shifts are symplectic invariant if one assumes
that the vector
(
mIΛ, eIΛ
)
is symplectic, that is transforms as the symplectic
section of the Special Geometry. Since the scalar potential is constructed as
a quadratic form in the mass–shifts it is automatically symplectic invariant.
As a particular case the scalar potential obtained in this way coincides with
the scalar potential obtained in the case of Calabi–Yau compactification from
Type IIA and Type IIB supergravity [7], when the scalar–tensor multiplets
are suitably specified. Therefore, as a particular case of our construction we
obtain the complete four dimensional supergravity corresponding to Type
IIB compactification on CY in the presence of both R–R and NS–NS electric
and magnetic fluxes.
Note that as in the standard ungauged N = 2 theory the equations of motion
and the Bianchi identities for the vectors are still covariant under symplectic
transformations of the electric and magnetic field–strengths. If we perform
an ordinary gauging of the theory, then of course the on–shell symplectic
invariance is broken leaving however the symplectic invariance in the sector
parametrized by mIΛ, eIΛ.
We also note that our Lagrangian is invariant under the combined gauge
transformations [5]:
δBIµν = ∂[µΛIν] (1.2)
δAΛµ = −2mIΛΛIµ (1.3)
where I is the number of 2–forms of the tensor multiplet, and ΛIµ is a 1–form
gauge parameter, if and only if the electric and magnetic charges satisfy the
constraint:
eIΛm
JΛ − eJΛmIΛ = 0. (1.4)
The same constraint also appears from the supersymmetry Ward identity for
the scalar potential [9]. This constraint is a generalization of the tadpole
cancellation mechanism in ten dimensions, where the indices I, J take now
3
only the values 1, 2 associated to the NS-NS and R-R 2–form.
The paper is organized as follows:
In Section 2 we describe how to generalize the Fayet–Iliopoulos mechanism
related to magnetic charges to include also a further mass–shift related to
the electric charges, therefore obtaining symplectic invariant expression for
the mass–shifts of the fermions.
In Section 3 we give the Lagrangian and the supersymmetry transformation
laws for the N = 2 supergravity coupled to an arbitrary number of vector
multiplets and to the tensor multiplet in our general setting, where electric
and magnetic charges are present (the method we use is described in Ap-
pendix B).
In Subsection 3.1 we further generalize the Lagrangian by gauging the elec-
tric vector potentials with an arbitrary group G, while in Subsection 3.2 we
discuss the general form of the scalar potential in this more general setting.
In Appendix A we give the completion of the Lagrangian and supersymmetry
transformation laws including 4–fermion and 3–fermion terms respectively
which are not present in the main text.
In Appendix B we present the superspace approach for the solution of the
Bianchi identities and the rheonomic approach for the construction of the
Lagrangian.
2 The D = 4 N = 2 Supergravity theory
coupled to vector multiplets and scalar–
tensor multiplets
In reference [1], [4] the general ungauged N = 2 theory in the presence
of vector multiplets and scalar–tensor multiplets was constructed. We re-
call the basic definitions. In this theory we have besides the gravitational
multiplet, nV vector multiplets and nH hypermultiplets. The gravitational
multiplet contains the graviton V a, the (anti)–chiral gravitinos (ψA), ψA and
the graviphoton A0µ, where A = 1, 2 is the SU(2) R–symmetry index. The
nV vector multiplets contain nV vector, 2nV (anti)–chiral gauginos (λ
ı¯
A), λ
iA
and the complex scalar fields zi, i = 1, . . . , nV which parametrize a 2nV di-
mensional special Ka¨hler manifold MSK . We denote by AΛµ , Λ = 0, . . . , nV ,
the graviphoton (Λ = 0) and the nV vectors of the vector multiplets, where
4
Λ is the symplectic index in the half upper part of the holomorphic section of
the symplectic bundle which defines the special Ka¨hler manifold MSK . To
this sector we add a scalar–tensor multiplet (in the following tensor multi-
plet) whose content is: (BI µν , ζα, ζ
α, qu) I = 1, . . . , nT , u = 1, . . . , 4nH−nT ,
α = 1, . . . , 2nH where (ζ
α) ζα are the (anti)–chiral component of the spin
1/2 fermions. This tensor multiplet can be understood as resulting from
the hypermultiplet sector of standard N = 2 supergravity1 by dualization
of the axionic coordinates of the quaternionic manifold. Indeed, the nH
hypermultiplets, in the standard formulation contain 2nH (anti)–chiral hy-
perinos (ζα), ζα, where α = 1, . . . , 2nH is a Sp(2nH ,R) index, and q
uˆ scalars,
uˆ = 1, . . . , 4nH , which parametrize a 4nH–dimensional quaternionic manifold
MQ. If the quaternionic manifold MQ admits nT translational isometries,
we can split the scalars quˆ = (qu, qI), u = 1, . . . , 4nH − nT , I = 1, . . . , nT ,
where the qI ’s are the axionic scalars associated to the translations that can
therefore be dualized into nT tensors BIµν .
The σ–model of the resulting theory is parametrized by the coordinates qu
and in the following we will refer to it as MT . While in the standard
N = 2 supergravity the quaternionic manifold has holonomy contained in
SU(2)⊗Sp(2nH ,R),MT has a reduced holonomy which is however contained
in SU(2)⊗Sp(2nH ,R)⊗SO(nT ).
In reference [1] it was found that N = 2 supergravity coupled to nV vector
multiplets and a tensor multiplet admits a non–trivial extension given by the
addition of Fayet–Iliopoulos terms (or magnetic mass–shifts) which generate
a non–trivial scalar potential. Indeed, in order to satisfy the requirements of
supersymmetry, one finds, by suitable analysis of superspace Bianchi iden-
tities, that the transformation laws of the fermions may be extended with
mass–shifts (Fayet–Iliopoulos terms) defined by:
δψAµ = δ0ψAµ + iS
(m)
AB γµǫ
B (2.1)
δλiA = δ0λ
iA +W iAB(m)ǫB (2.2)
δζα = δ0ζα +N
A(m)
α ǫA (2.3)
where the explicit form of the δ0–shifts can be read from equations (3.12,
3.13,3.14) of section 3 up to 3–fermion terms (the 3–fermion terms are given
1Here and in the following by standard N = 2 supergravity we mean N = 2 supergrav-
ity coupled to nV vector multiplets and nH hypermultiplets as formulated in references
[10],[11].
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in Appendix A) and the ”magnetic” mass–shifts are given by:
S
(m)
AB = −
i
2
σxABω
x
Im
IΛMΛ (2.4)
W iAB(m) = −igi¯σxABωxImIΛh¯Λ (2.5)
NA(m)α = −2UAI αmIΛMΛ (2.6)
where mIΛ, I = 1, . . . , nT and Λ = 0, . . . , nV , are constants with the dimen-
sion of a mass and as we will see in the following, they can be interpreted
as magnetic charges. Furthermore ωxI (q
u) and UIAα(qu) are SO(nT ) vector–
valued fields on MT carrying additional indices in the adjoint of SU(2) and
in fundamental of SU(2) ⊗ Sp(2n,R), respectively. Finally M(z, z)Λ and
h(z, z)jΛ are the lower component of the symplectic sections
V = (LΛ,MΛ) (2.7)
Ui = DiV = (f
Λ
i , hΛi) (2.8)
of the special geometry, which transform covariantly under the (2nV + 2)×
(2nV + 2) symplectic matrix:
S =
(
A B
C D
)
(2.9)
where
ATC − CTA = BTD −DTB = 0, ATD − CTB = 1 (2.10)
It is important to note that, in order to have a supersymmetric theory, the
magnetic mass–shift deformations imply that the vector field–strengths have
to be redefined as follows [5],[12],[13]:
FΛ → FˆΛ = FΛ + 2mIΛBI . (2.11)
From equation (1.1) it follows that the resulting theory must contain massive
tensor fields BIµν since by a Higgs mechanism a subset (for nT < nV + 1) of
the vector potentials are eaten giving mass to the tensors.
Given the mass–shifts, the scalar potential can be computed from the usual
Ward identity of supersymmetry and turns out to be:
6
V = −1
2
ωxIω
x
J
(
ImNΛΣ +
(
ReN ImN−1ReN )
ΛΣ
)
mIΛmJΣ +
+4mIΛmJΣMΛMΣ (MIJ − ωxIωxJ) (2.12)
where NΛΣ is the period matrix of the special geometry, and the dependence
on the coordinates ofMT appears only in ωxI (q).
If one thinks of this supergravity theory as coming from standard N = 2
supergravity where dualization of the axionic coordinates of the quaternionic
manifold has been performed, one can easily see that ωxI and UIAα are the
remnants of the SU(2) connection and vielbeins of the quaternionic manifold
in the directions I of the dualized coordinates qI [1]. Moreover the mass pa-
rameters mIΛ can be associated to the dual algebra of the translation group
isometries on the quaternionic manifold and could be interpreted as magnetic
charges allowed by the presence of the tensor multiplets [1], [9].
In fact the potential (2.12), in the case of Calabi–Yau compactification of
type IIB string theory [9], appears to be the magnetic part of the sym-
plectic invariant scalar potentials containing, besides the magnetic charges
mIΛ I = 1, 2, also the Abelian electric charges eIΛ. This raises the question
whether we can further modify the shifts in the fermionic transformation
laws in such a way that the resulting potentials contain both electric and
magnetic charges in a symplectic invariant setting.
We now show that it is actually possible to add further Fayet–Iliopoulos ”elec-
tric” mass–shifts to the fermion transformation laws which contain electric
charges, in such a way that the total shifts are symplectic invariant, thereby
giving rise to a symplectic invariant scalar potential. The technical proce-
dure to arrive to such an extension is explained in detail in the Appendix
B. There we show that, using Bianchi identities in superspace, the global
Fayet–Iliopoulos term appearing in the transformation laws of the fermions
can be written in the following symplectic invariant way:
SAB ≡ S(e)AB + S(m)AB =
i
2
σxAB ω
x
I
(
eIΛL
Λ −mIΛMΛ
)
(2.13)
W iAB ≡W iAB(e) +W iAB(m) = igi¯σxABωxI
(
eIΛf
Λ
¯ −mIΛh¯Λ
)
(2.14)
NAα ≡ NA(e)α +NA(m)α = 2UIAα
(
eIΛL
Λ −mIΛMΛ
)
(2.15)
where we have assumed that the vector (mIΛ, eIΛ) transforms as the symplec-
tic section V of equation (2.7). In this case the scalar potential turns out to
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be symplectic invariant and its explicit form is given by:
V = 4 (MIJ − ωxIωxJ)
(
mIΛMΛ − eIΛL
Λ
) (
mJΣMΣ − eJΣLΣ
)
+
+ωxIω
x
J
(
mIΛ, eIΛ
)S
(
mJΣ
eJΣ
)
(2.16)
where the matrix S is a symplectic matrix given explicitly by:
S = −1
2
(ℑΛΣ + (ℜℑ−1ℜ)ΛΣ − (ℜℑ−1)Λ Σ
− (ℑ−1ℜ)Λ Σ ℑ−1|ΛΣ
)
. (2.17)
ℑΛΣ and ℜΛΣ being the imaginary and real part of the period matrix NΛΣ of
the special geometry. Furthermore the electric and magnetic charges must
satisfy the constraint:
eIΛm
JΛ − eJΛmIΛ = 0 (2.18)
which follows from the Ward identity of supersymmetry.
As before the dependence of the scalar potential on the qu’s appears only
through the SU(2)⊗SO(nT ) vector ωxI (qu), while the dependence on z, z ap-
pears through the symplectic matrix of equation (2.16) and the covariantly
holomorphic sections LΛ, MΛ of the special geometry.
¿From the point of view of dualization of N = 2 standard theory the electric
charges eIΛ can be associated to the gauging of the translational group of
the axionic symmetries with generators TΛ and subsequent dualization of the
axions, while the magnetic charges mΛI can be thought to be associated with
the isometry algebra of the same translation group, with generators TΛ, in
the dual theory. Indeed if we would start in the standard N = 2 supergrav-
ity from a purely magnetic theory with magnetic vector potentials AΛ, then
the Killing vectors associated to the translational group of the axions would
naturally have an upper index Λ as the generators of the translation group
of the dual theory.
In the case of Calabi–Yau compactification from Type IIB string theory the
scalar potential (2.16) simplifies due to the important cancellation
MIJ − ωxIωxJ = 0 [14]. Moreover [7], [14], [5] one finds that the tensors
ωxI are given by [15]:
ω
(1)
1 = 0; ω
(2)
1 = 0; ω
(3)
1 = e
ϕ
8
ω
(1)
2 = −eϕImτ ; ω(2)2 = 0; ω(3)2 = eϕReτ. (2.19)
where ϕ is the quaternionic scalar field defined as K˜ in reference [15]. Using
the definition (2.19) one easily sees that the scalar potential for Calabi–Yau
compactifications can be rewritten as:
VCY = −1
2
e2ϕ
[(
eΛ −NΛΣmΣ
)
(ImN )−1|ΛΓ (eΓ −NΓ∆m∆)
]
(2.20)
where
eΛ ≡ e1Λ + τe2Λ; mΛ ≡ m1Λ + τm2Λ, (2.21)
τ being the ten dimensional complex dilaton. This is exactly the potential
appearing in the quoted references, where the constraint (2.18) reduces to
the ”tadpole cancellation condition”
e1Λm
2Λ − e2Λm1Λ = 0 (2.22)
We note that the constraint (2.18) (generalized tadpole cancellation condi-
tion) is now a consequence of the supersymmetry Ward identity (3.41) that
one uses to compute the scalar potential [9].
If one thinks of this theory as coming from dualization of the axionic coor-
dinates qI of the quaternionic manifold of the standard N = 2 supergravity,
the electric charges would appear as due to the gauging of the translational
group of isometries qI → qI + cI . Indeed the quaternionic prepotential ap-
pearing in the gauge shifts of the fermions would be given in this case by the
formula:
PxΛ = ωxI eIΛ (2.23)
eIΛ being the constant Killing vectors of the translations [11].
Note that the procedure adopted in reference [1] does not seem suitable in
order to find the Abelian electric charges eIΛ. In fact, it is evident that,
even though formally they give rise to the same kind of structures [1], the
Abelian electric charges eIΛ which pair together with the masses (or magnetic
charges) mIΛ to reconstruct symplectic invariant structures [9], [7], [5], can
not descend from the gauging of Abelian isometries of MT since after du-
alization such axionic symmetries are not present on the residual σ–model
on MT . One can understand it by considering the relation with standard
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N = 2 gauged supergravity [9] or just observing that if the Abelian electric
charges must combine into a symplectic vector with the mass parameters
KI =
(
mIΛ
eIΛ
)
(2.24)
they must carry the same index I of the tensors, that is of the axions which
have been dualized. Even if we suppose that not all the axions have been
dualized and thus there are some translational isometries left on the reduced
manifold, the corresponding Killing vectors would not carry the index I =
1, . . . , nT .
3 The Lagrangian
In this section we present the Lagrangian and the supersymmetry transfor-
mation laws under which it is invariant. The method we used to derive
the Lagrangian is the so called geometrical or rheonomic approach which is
greatly facilitated when the solution of Bianchi identities in superspace is
already known. The superspace geometrical Lagrangian and the solution of
the Bianchi identities in superspace are shortly discussed in Appendix B. We
limit ourselves in the main text to give the Lagrangian and the supersymme-
try transformation laws up to 4–fermions and 3–fermions respectively, while
the completion of the formulae containing quadrilinear and trilinear fermions
are given in Appendix A. Our result is the following2
S =
∫
d4x
√−gL (3.1)
L = Lbos + Lkinferm + LPauli + Lshifts + L4f (3.2)
Lbos = −1
2
R+ gi¯ ∂µzi∂µz ¯ + i
(
N ΛΣFˆ−Λµν Fˆ−Λµν −NΛΣFˆ+Λµν Fˆ+Λµν
)
+6MIJHIµνρHJµνρ + guv∂µqu∂µqv + 2hµIAIu∇µqu +
−2eIΛ
(
FˆΛµν −mJΛBJµν
)
BIρσ
ǫµνρσ√−g − V(z, z, q
u) (3.3)
2For the notations of N = 2 theory and special geometry we refer the reader to the
standard papers [11], [10]
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Lkinferm =
ǫµνλσ√−g
(
ψ
A
µγνρA|λσ − ψA|µγνρAλσ
)
− i
2
gi¯
(
λ
iA
γµ∇µλ¯A +
+λ
¯
Aγ
µ∇µλiA
)
− i
(
ζ
α
γµ∇µζα + ζαγµ∇µζα
)
(3.4)
LPauli = −gi¯
(
∂µziψ
A
µλ
¯
A + ∂µz
iψ
A
ν γ
µνλ¯A + c.c.
)
−2
(
PuAα∂
µquψ
A
µ ζ
α + PuAα∂µq
uψ
A
ν γ
µνζα + c.c.
)
+6iMIJHIµνρ
[
UJAαψA|µγνρζα − UJ AαψAµγνρζα
]
+
−24iMIJhIµ∆Jαβζαγµζβ + 24iAIu∆Iαβζαγµζβ∇µqu +
+
{
Fˆ−Λµν (ImN )ΛΣ
[
4LΣ
(
ψ
A|µ
ψB|ν
)−
ǫAB + 4if
Σ
ı¯
(
λ
ı
Aγ
µψνB
)−
ǫAB
+
1
2
∇ifΣj λ
iA
γµνλjBǫAB − LΣζαγµνζβCαβ
]
+ c.c.
}
+
+2MIJhµI
(
UJAαψA|µζα + UJ Aαψ
A
µ ζ
α
)
+
+2iMIJhµI∆J αβζβγµζα (3.5)
Lshifts =
(
2S
AB
ψ
µ
Aγµνψ
ν
B + igi¯W
iABλ
¯
Aγµψ
µ
B + 2iN
A
α ζ
α
γµψ
µ
A +
+
1
2
∇uNAα P uAβζ
α
ζβ + 2∇ı¯NAα ζ
α
λı¯A +
+
1
3
gi¯∇kW ¯ABλ
iA
λkB
)
+ c.c. + Lnon inv4f + Linv4f (3.6)
where the scalar potential
V = 4 (MIJ − ωxIωxJ)
(
mIΛMΛ − eIΛLΛ
) (
mJΣMΣ − eJΣLΣ
)
+
+ωxIω
x
J
(
mIΛ, eIΛ
)S
(
mJΣ
eJΣ
)
(3.7)
coincides with the expression given in equation (2.16). We have rewritten
it in the Lagrangian for completeness. Notations are as follows (for what is
concerned the special geometry quantities we use the standard notations of
reference [11], in particular i, j, ı¯, ¯ are curved indices on the special Ka¨hler
manifold): covariant derivatives on the fermions are defined in terms of the
1–form SU(2)–connection ωAB, the Ka¨hler U(1) connection, Q, the Sp(2nH)
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connection ∆αβ and Christoffel connection Γij defined on MSK ⊗MT (co-
variant derivatives are defined in Appendix B). Note that fΣj being part of
the symplectic section of special geometry has a derivative covariant with re-
spect to the Ka¨hler connection. Furthermore PuAα is a ”rectangular vielbein”
[1] related to the metric guv of the σ–model by the relation Pu
AαPvAα = guv,
and P uAα = guvPv
Aα.
Besides the field–strengths of the tensors, all the I, J indexed quantities,
namely AIu, UIAα, ωIAB, ∆Iαβ are vectors on an SO(nT ) bundle defined on the
σ–model, whose metric isMIJ . We note that, if one thinks of this Lagrangian
as coming from the N = 2 standard supergravity [11], all these I–indexed
quantities can be interpreted as the remnants of the original quaternionic
metric huˆvˆ (MIJ , A
I
u), vielbein UAαuˆ (UIAα), SU(2) and Sp(2n) 1–form con-
nections ωAB and ∆αβ after dualization of the qI coordinates (quˆ = (qu, qI))
of the quaternionic manifold. Moreover we have defined:
FΛµν = ∂[µAΛν] (3.8)
F±Λµν =
1
2
(
FΛµν ±
i
2
ǫµνρσFΛρσ
)
(3.9)
HIµνρ = ∂[µBI νρ] (3.10)
hIµ = ǫµνρσHIνρσ. (3.11)
The Lagrangian (3.2) is invariant under the following supersymmetry trans-
formations:
δψA|µ = DµǫA − hIµωI ABεB +
+
[
iSABηµν + eABT
−
µν
]
γνǫB + 3 fermions (3.12)
δλiA = i
(∇µzi) γµǫA +G−iµνγµνǫBǫAB +W iABǫB + 3 fermions(3.13)
δζα = iPuAα∂µq
uγµεA − ihIµUIAαγµεA +NAα εA + 3 fermions (3.14)
δV aµ = −iψAµγaǫA − iψ
A
µγ
aǫA (3.15)
δAΛµ = 2L
Λψ
A
µ ǫ
BǫAB + 2L
Λ
ψAµǫBǫ
AB +
+
(
ifΛi λ
iA
γµǫ
BǫAB + if
Λ
ı¯ λ
ı¯
AγµǫBǫ
AB
)
(3.16)
δBIµν = − i
2
(
εAγµνζαUIAα − εAγµνζαUIAα
)
+
12
−ωICA
(
εAγ[µψ
C
ν] + ψ[µAγν]ε
C
)
(3.17)
δzi = λ
iA
ǫA (3.18)
δz ı¯ = λ
ı¯
Aǫ
A (3.19)
δqu = P uAα
(
ζ
α
ǫA +CαβǫABζβǫB
)
(3.20)
where the dressed field–strengths appearing in the transformation laws of the
gravitino and gaugino fields are defined as:
T−µν = 2i (ImN )ΛΣ LΣFˆΛ−µν + bilinear fermions (3.21)
Gi−µν = −gi¯ f
Γ
¯ (ImN )ΓΛ FˆΛ−µν + bilinear fermions (3.22)
where the bilinear fermions are the same as in standard N = 2 supergravity
and are given explicitly in the Appendix 3.2. We have written the transfor-
mation laws only for the chiral spinor fields (ψAµ, λ
iA, ζα); the transformation
laws for the anti–chiral fields (ψAµ , λ
ı¯
A, ζ
α) are immediately obtained from
the chiral ones.
Finally, the shift matrices SAB, W
i AB and NAα are given by equations (2.13,
2.14,2.15). We also note that the given Lagrangian is invariant under the
gauge transformation
δBI = dΛI
δAΛ = −2mIΛΛI
where ΛI is a 1–form, if and only if the following generalized tadpole cancel-
lation condition is satisfied
eIΛm
JΛ − eJΛmIΛ = 0. (3.23)
Indeed FˆΛ is invariant by itself while the topological term is invariant only
if equation (2.18) is satisfied. As observed in the previous section, the same
consistency condition also appears from the supersymmetry Ward identity
from which one can compute the scalar potential.
As far as the symplectic invariance is concerned [16], nothing is changed
with respect to the standard N = 2 supergravity. Indeed if we consider the
bosonic part of the Lagrangian for the vector and tensor fields, namely:
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Lbosvect + Lbostop = i
(
N ΛΣFˆΛ−µν FˆΣ−µν −NΛΣFˆΛ+µν FˆΣ+µν
)
−4ieIΛ
(
FˆΛ−µν B−µνI − FˆΛ+µν B+µνI
)
+
+4imJΛeIΛB
−µν
J B
−
Iµν − 4imJΛeIΛB+µνJ B+Iµν (3.24)
and define
G(bos)Λµν ∓ = ∓
i
2
δL(bos)
δFˆΛ∓µν = NΛΣFˆ
Σ∓
µν − 2eIΛB∓Iµν (3.25)
then equation (3.24) can be rewritten as
i
(
FˆΛ−µν G(bos)−µνΛ − 2eIΛB−IµνFˆΛ−µν + 4eIΛmJΛB−IµνB−µνJ
)
+ c.c. =
= i
[
FΛ−G(bos)−Λ + 2B−I
(
mIΛG−Λ − eIΛFΛ−
)]
+ c.c. (3.26)
The first term in (3.26) is the usual vector kinetic term of the standard
N = 2 theory while the additional term is a symplectic invariant. Indeed one
can easily verify that G(bos)−Λ , as defined in (3.25), transforms as the lower
component of the symplectic vector (FΛ−, G(bos)−Λ ), provided NΛΣ transforms
under the symplectic transformation (2.9) as usual, namely:
N ′ΛΣ = (C +DN ) (A+BN )−1 (3.27)
On the other hand the vector (mIΛ, eIΛ) was already supposed to transform
in the same way as the vector (LΛ, MΛ) as does the symplectic vector (FΛ−,
GΛ−) of the special geometry.
If we also take into account the fermionic sector of the Lagrangian then G(bos)
is completed with bilinear fermions:
G−Λµν = G(bos)Λµν − −
i
2
(ImN )ΛΣDΣ−µν
G+Λµν =
(G−Λµν)∗ (3.28)
where DΛ−µν is the coefficient of FΣ−µν ImNΛΣ in LPauli. Following the argument
of reference [17], the full Lagrangian is on–shell symplectic invariant (or in-
variant up to the FG term) by adding non–symplectic invariant 4–fermion
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terms Lnon inv4f . This non–invariant 4–fermion terms are exactly the same as
in the standard N = 2 theory because so is the term − i
2
(ImN )ΛΣDΣ−µν and
their explicit form is given in the Appendix A. Linv4f is instead fixed only by
supersymmetry. Its explicit form again coincides with that given in the stan-
dard theory except for some additional terms as explained in Appendix A.
We also note that the equations of motion and Bianchi identities for the
vectors have exactly the same form as in the standard theory, namely:
∂µImFΛ−µν = 0 (3.29)
∂µImG−Λ µν = 0 (3.30)
where G−Λµν differs from the analogous one of the standard N = 2 theory
by the term linear in BIµν appearing in the equation (3.25), and they are
symplectic covariant.
Finally we note that the generalized tadpole cancellation condition (2.18)
implies that the symplectic vectors mIΛ, eIΛ are all parallel. Therefore by a
symplectic rotation we can choose the gauge where all the magnetic charges
mIΛ are zero. In this case we are in a strictly perturbative regime. In an
analogous way we could also rotate the charge vector in such a way that
all the electric charges eIΛ are zero and we may think of this regime as a
perturbative regime for a purely magnetic theory.
3.1 Adding a semisimple gauging
It is now immediate to generalize the theory given in the previous section
by gauging the group of the isometries of the σ–model parametrized by the
scalars qu of the scalar tensor multiplet. Let us call G the group of isometries
that can be gauged on such a manifold. The gauging due to G was given in
a general form in reference [1] where however there was no consideration of
the Fayet–Iliopoulos terms giving rise to the electric charges. Such a gauging
breaks of course the symplectic invariance of the equations of motion since it
involves only the gauging associated to electric vector potentials. In order to
distinguish between the Fayet–Iliopoulos terms and the new terms associated
to the gauging we split the index Λ into (Λ = Λˆ, Λˇ), where Λˆ = 1, . . . , nT is
used for the electric and magnetic charges and the related Special Geometry
sections associated to the deformations coming from Fayet–Iliopoulos terms,
while we denote by Λˇ, the index running on the adjoint representation of
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the group G, associated to the electric vector potentials AΛˇµ that are gauged.
Referring to reference [1], we know that the fermionic shifts acquire a further
term so that the total shifts are now given by
SAB =
i
2
σxAB gPxΛˇLΛˇ +
i
2
σxAB ω
x
I
(
eI
Λˆ
LΛˆ −mIΛˆMΛˆ
)
(3.31)
NαA = −2 g
(
PuA
α + AIuUIAα
)
kuΛˇL
Λˇ − 2UIAα
(
eI
Λˆ
LΛˆ −mIΛˆMΛˆ
)
(3.32)
W iAB = −i g ǫABgi¯PΛˇf Λˇ¯ + i gi¯σxABgPxΛˇf
Λˇ
¯ +
+i gi¯σxABωxI
(
eI
Λˆ
f
Λˆ
¯ −mIΛˆhΛˆ¯
)
(3.33)
which in fact reduce to those given in reference [1] if we set eI
Λˆ
= 0. Here
PΛˇ is the prepotential of the special geometry, PxΛˆ is a new quantity which
from the point of view of dualization of standard N = 2 supergravity, can
be thought as the quaternionic prepotential restricted to MT and kuΛˇ is the
Killing vector of the gauged isometries. As we pointed out before, from
the point of view of dualizing the standard N = 2 theory with quaternions
the terms in eI
Λˆ
appearing in the shifts can be thought of as coming from a
translational gauging of the axionic symmetries on the quaternionic manifold
before dualization so that, from this point of view, the gauge group which is
gauged is T ⊗G where T is an Abelian translation group gauging the axionic
symmetries.
The Lagrangian for the gauged theory can be written formally in exactly the
same way as the Lagrangian (3.2) provided we make the following modifi-
cation (for more details see [11]): the covariant derivatives on the fermions
are now defined in terms of the gauged connections ωˆAB, ∆ˆαβ , Γij defined in
reference [11] while the ordinary derivatives acting on the scalars zi and qu
are now replaced by gauge derivatives:
∂µq
u → ∇µqu ≡ ∂µqu + kuΛˆAΛˆµ (3.34)
∂µz
i → ∇µzi ≡ ∂µzi + kiΛˆAΛˆµ (3.35)
∂µz
ı¯ → ∇µz ı¯ ≡ ∂µz ı¯ + kı¯ΛˆAΛˆµ (3.36)
Furthermore the scalar potential takes additional terms which are discussed
in the next section. In order not to have too messy formula we do not perform
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the splitting Λ → Λˆ, Λˇ on such generalized Lagrangian. However one must
pay attention to the fact that saturation of indices Λ, Σ in the Lagrangian
have to be done according to this splitting; in particular saturation of the
Λ indices with electric and magnetic charges run only on Λˆ and furthermore
we have of course
Fˆ Λˇ = dAΛˇ +
1
2
fΣˇΠˇ
ΛˇAΣˇAΠˇ (3.37)
Fˆ Λˆ = dAΛˆ +mIΛˆBI . (3.38)
However the splitting Λ → Λˆ, Λˇ will be performed explicitly in the next
section for the discussion of the scalar potential in the presence of gauging.
3.2 The scalar potential for the gauged theory
The explicit form of the scalar potential is:
V = gi¯kiΛˇk¯ΣˇL
Λˇ
LΣˇ + 4
(
mIΛˆ, eI
Λˆ
, kuΛˇ
)
Q

m
JΣˆ
eJ
Σˆ
kv
Σˇ

+
+
(
mIΛˆωxI , e
I
Λˆ
ωxI ,PxΛˇ
)
(R+ S)

m
JΣˆωxJ
eJ
Σˆ
ωxJ
Px
Σˇ

 (3.39)
where we have defined the following matrices
Q =


MIJM ΛˆMΣˆ −MIJM ΛˆLΣˆ −AKv MIKM ΛˆLΣˇ
−MIJLΛˆMΣˆ MIJL
Λˆ
LΣˆ AKv MKILΛˆLΣˇ
−AKuMKJLΛˇMΣˆ AKuMKJM ΣˆLΛˇ
(
guv + A
I
uA
J
vMIJ
)
L
Λˇ
LΣˇ


R = −4


M ΛˆMΣˆ −M ΛˆLΣˆ −L
Σˇ
MΛˆ
−LΛˆMΣˆ L
Λˆ
LΣˆ L
Λˆ
LΣˇ
−LΛˇM Σˆ L
Λˇ
LΣˆ L
Λˇ
LΣˇ


S = −1
2


ℑΛˆΣˆ + (ℜℑ−1ℜ)ΛˆΣˆ − (ℜℑ−1)Λˆ Σˆ − (ℑ−1ℜ)Λˆ Σˇ
− (ℑ−1ℜ)Λˆ Σˆ ℑ−1|ΛˆΣˆ ℑ−1|ΛˆΣˇ
− (ℜℑ−1)Λˇ Σˆ ℑ−1|ΛˇΣˆ ℑ−1|ΛˇΣˇ

 , (3.40)
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and where we have set as before ℑΛΣ = ImNΛΣ, ℜΛΣ = ReNΛΣ.
The derivation of the scalar potential has been found from the supersymmetry
Ward identity:
δABV = −12SCA SCB + gi¯W iCAW ¯CB + 2NAα NαB (3.41)
This identity implies that all the terms proportional to a Pauli σ–matrix
must cancel against each other. We find besides the constraint (2.18) the
following new constraint:
fΛˇΣˇ
∆ˇ (ImN )∆ˇΠˆmIΠˆ = fΛˇΣˇ∆ˇm˜I∆ˇ = 0 , (3.42)
where
m˜I∆ˇ ≡ (ImN )∆ˇΠˆmIΠˆ . (3.43)
This condition was already discussed in reference [1]. There it was noted that
this equation means that m˜I
∆ˇ
are the coordinates of a Lie algebra element
of the gauge group commuting with all the generators, in other words a non
trivial element of the center Z(G). From the point of view of dualization of
the standard N = 2 supergravity with gauged translations this condition has
a clear interpretation. Indeed since our theory can be thought of as coming
from the gauging of a group T ⊗G with T translational group of the axionic
symmetries this condition is certainly satisfied since mIΛˆ is in the (dual) Lie
algebra of T .
The expression for the potential looks quite complicated; however we may
reduce the given potential to known cases by suitable erasing of some of the
rows and columns of the matrices Q, R, S.
First of all we note that if we delete the third row and the third column of the
given matrices we obtain the form of the potential in the pure translational
case with mass deformations given by equation (2.16) (with Λ → Λˆ). If we
further delete the first row and the first column, which means that we do not
implement mass deformations so that the tensor fields are massless, then the
potential reduces to [14]
V = −1
2
(ImN )−1|ΛˆΣˆ eI
Λˆ
eJ
Σˆ
ωxIω
x
J + 4 (MIJ − ωxIωxJ) eIΛˆeJΣˆL
Λˆ
LΣˆ. (3.44)
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Another possibility is to delete the first two rows and the first two columns,
which means that we have no translational gauging but only the gauging due
to G. In this case the potential takes the form
VG = gi¯kiΛˇk¯ΣˇL
Λˇ
LΣˇ + 4
(
guv + A
I
uA
J
vMIJ
)
kuΛˇk
v
ΣˇL
Λˇ
LΣˇ +
−
(
1
2
(ImN )−1|ΛˇΣˇ + 4LΛˇLΣˇ
)
PxΛˇPxΣˇ. (3.45)
Note that this potential has exactly the same form as in the gauged standard
N = 2 supergravity coupled to vector multiplets and hypermultiplets. The
only difference is that the prepotentials and the Killing vectors appearing
in the last two terms are now restricted to the manifold MT of the scalar
tensor multiplets. We also note that guv + A
I
uA
J
vMIJ is simply the original
quaternionic metric restricted to the σ–model. In an analogous way we could
erase the first row and the first column of the given matrices we obtain the
potential with gauging of group T ⊗ G but without mass deformations and
similarly for the other possibilities.
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Appendix A: Completion of the Lagrangian
and transformation laws
In this Appendix we give the explicit expression of the 4–fermion terms, L4f of
the Lagrangian of section 3 and the complete supersymmetry transformation
laws of the fermions including 3–fermion terms.
As observed in section 3, the completion of the 4–fermion terms, L4f can be
split in two pieces namely Lnon inv4f and Linv4f .
Lnon inv4f can be fixed by the knowledge of the Pauli terms, and as explained in
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the text, it is exactly the same as Lnon inv4f of the standard N = 2 supergravity
[11]. We have:
Lnon inv4f =
{
(ImN )ΛΣ
[
2LΛLΣ
(
ψ
A
µψ
B
ν
)− (
ψ
C
µψ
D
ν
)−
ǫABǫCD+
−8iLΛfΣı¯
(
ψ
A
µψ
B
ν
)− (
λ
ı¯
Aγ
νψµB
)−
+
−2fΛı¯ f
Σ
¯
(
λ
ı¯
Aγ
νψµB
)− (
λ
¯
CγνψD|µ
)−
ǫABǫCD +
+
i
2
LΛf
Σ
l¯ g
kl¯Cijk
(
ψ
A
µψ
B
ν
)−
λ
iC
γµνλjDǫABǫCD +
+f
Λ
m¯f
Σ
l¯ g
kl¯Cijk
(
λ
m¯
AγνψB|µ
)−
λ
iA
γµνλjB +
−LΛLΣ
(
ψ
A
µψ
B
ν
)−
ζαγ
µνζβ ǫABC
αβ +
+iLΛf
Σ
ı¯
(
λ
ı¯
Aγ
νψµB
)−
ζαγµνζβ ǫ
ABCαβ +
− 1
32
Cijk Clmn g
kr¯ gns¯ f
Λ
r¯ f
Σ
s¯ λ
iA
γµνλ
jB λ
kC
γµνλlDǫAB ǫCD +
−1
8
LΛ∇ifΣj ζαγµνζβ λ
iA
γµνλjBǫABC
αβ +
+
1
8
LΛLΣ ζαγµνζβ ζγγ
µνζδC
αβCγδ
]
+ c.c.
}
(A.1)
Of course the same terms can be obtained by supersymmetry. The residual
4–fermion terms Lnoninv4f are instead only fixed by supersymmetry. It is clear
that this terms are exactly the same as in the standardN = 2 theory provided
one makes the following modifications:
1. First of all we have terms quadrilinear in the ζα coming from the fact
that dualization on space–time of the axionic coordinates qI gives, to-
gether with the 3–form HIµνρ also the bilinear 2i∆Iαβ ζαγσζbǫσµνρ.
2. One has also to reduce the symplectic curvature appearing in the fol-
lowing 4–fermion term of N = 2 standard supergravity
1
2
Rˆ(∆ˆ)αβtˆsˆ U tˆAγ U sˆBδ ǫABCδǫ ζαζǫ ζ
β
ζγ (A.2)
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according to the rules explained in reference [1] where ∆ˆαβ is the
Sp(2nH) connection on the quaternionic manifold MQ
∆ˆαuβ = ∆
α
uβ + A
I
u∆
α
I β (A.3)
One obtains
Rˆαβts = Rαβts + F Its∆Iαβ −AI[t∇s]∆Iαβ + AItAJs ∆Iαγ∆Jγβ (A.4)
where the hatted indices in the l.h.s. refer to the quaternionic manifold,
F Its = ∂[tA
I
s] and Rαβts is the symplectic curvature on MT defined by
Rαβ = d∆αβ +∆αγ ∧∆γβ. (A.5)
Taking into account the previous modifications Linv4f becomes
Linv4f =
i
2
(
gi¯ λ
iA
γσλ
¯
B − 2δAB ζ
α
γσζα
)
ψA|µγλψ
B
ν
ǫµνλσ√−g +
−1
6
(
Cijk λ
iA
γµψBµ λ
jC
λkDǫACǫBD + c.c.
)
+
−2ψAµψBν ψ
µ
Aψ
ν
B + 2gi¯ λ
iA
γµψ
B
ν λ
ı¯
Aγ
µψνB +
+
1
4
(
Ri¯lk¯ + gik¯ gl¯ −
3
2
gi¯ glk¯
)
λ
iA
λlB λ
¯
Aλ
k¯
B +
+
1
4
gi¯ ζ
α
γµζαλ
iA
γµλ¯A +
1
2
(Rαβts + F Its∆Iαβ +
−AI[t∇t]∆Iαβ + AItAJs∆Iαγ∆Jγβ
)
ǫABCδη ζαζη ζ
β
ζγ +
−
[
i
12
∇mCjklλjAλmBλkCλlDǫACǫBD + c.c.
]
+
+gi¯ ψ
A
µλ
¯
A ψ
µ
Bλ
iB + 2ψ
A
µ ζ
α ψ
µ
Aζα +
+
(
ǫABCαβ ψ
A
µ ζ
α ψ
B|µ
ζβ + c.c.
)
+
+120MIJ∆Iαβ ∆J γδ ζaγµζβ ζγγµζδ +
+24 iMIJ∆Iαβ ζαγµζβ
[
UJAγψA|νγµνζγ + UJ AγψAν γµνζγ
]
+
+24 iMIJ∆Iαβ ζαγµζβ
[
UJAγψA|µζγ + UJ Aγψ
A
µ ζ
γ
]
. (A.6)
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The supersymmetry transformation laws of the fermions turn out to be
δψA|µ = DµǫA − 1
4
(
∂iK λ
iB
εB − ∂ı¯K λı¯BεB
)
ψAµ +
−hIµωIABεB + 12 i∆IαβζαγµζβωIABεB +
−2ωuABP uCα
(
ǫCDCαβ ζβεD + ζ
α
ǫC
)
ψBµ +
−2ωI ABU ICα
(
ǫCDCαβ ζβεD + ζ
α
εC
)
ψBµ +
+
(
AA
νBηµν + A
′
A
νBγµν
)
εB +
+
[
iSABηµν + ǫAB
(
T−µν + U
+
µν
)]
γνεB (A.7)
δλiA =
1
4
(
∂jK λ
jB
ǫB − ∂¯K λ¯BεB
)
λiA +
−2ωIABU ICα
(
ǫCDCαβ ζβǫD + ζ
α
ǫC
)
λiB +
−ωuABP uCα
(
ǫCDCαβ ζβǫD + ζ
α
εC
)
λiB +
−Γijk λkBεB λjA + i
(
∇µzi − λiAψA|µ
)
γµεA +
+G−iµν γ
µνεBǫ
AB +DiABεB (A.8)
δζα = −∆uαβP uγA
(
ǫABCγδ ζδεB + ζ
γ
εA
)
ζβ +
−hIµωIABεB − 12 i∆IαβζαγµζβωIABεB +
+
1
4
(
∂iK λ
iB
εB − ∂ı¯K λı¯BεB
)
ζα +
+i
(
Pu
Bβ∇µqu − ǫBCCβγ ζγψC|µ − ζβψBµ
)
γµεAǫABCαβ +
−ihIµUIBβγµεAǫABCαβ +NAα εA. (A.9)
Note that these transformation laws, which have been obtained from the
solution of Bianchi identities in superspace (see Appendix B), could be ob-
tained from the corresponding formulae of N = 2 standard supergravity of
reference [11] by reducing the quaternionic index as explained in reference
[1] provided we make a suitable Ansatz in superspace for the 1–form hI as
explained in the next Appendix.
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Appendix B: Solution of Bianchi identities and
the construction of the rheonomic Lagrangian.
In this Appendix we first describe the geometric approach for the deriva-
tion of the N = 2 supersymmetry transformation laws of the physical fields,
and then we construct the rheonomic superspace Lagrangian. The solution
of Bianchi identities in superspace will provide us with the supersymmetry
transformation laws in space–time, while the restriction of the rheonomic
Lagrangian to space–time will give the Lagrangian of section 3 and its com-
pletion given in Appendix A. Since the present approach is completely anal-
ogous to that used for N = 2 standard supergravity we will be very short
referring for more details to Appendices A and B of the quoted reference.
The first step to perform is to extend the physical fields to superfields in
N = 2 superspace: that means that the space–time 2–form BI , 1–forms ω
a b,
V a,ψA, ψA, A
Λ, and the space–time 0–forms λiA, λı¯A, z
i, z ı¯, ζα, ζ
α, qu are
promoted to 2–, 1– and 0–superforms in N = 2 superspace, respectively.
The definition of the superspace ”curvatures” in the gravitational and vector
multiplet sectors is identical to that of standard N = 2 supergravity except
for the fact that the composite 1–form connections Q, ωAB and ∆αβ are now
restricted toMT instead of the quaternionic manifold.
We have:
T a ≡ dV a − ωab ∧ V b − iψA ∧ γaψA = 0 (A.1)
ρA ≡ dψA − 1
4
γab ω
ab ∧ ψA + i
2
Q ∧ ψA + ωAB ∧ ψB ≡ ∇ψA (A.2)
ρA ≡ dψA − 1
4
γab ω
ab ∧ ψA − i
2
Q ∧ ψA + ωAB ∧ ψB ≡ ∇ψA (A.3)
Rab ≡ dωab − ωac ∧ ωcb (A.4)
∇zi = dzi (A.5)
∇z¯ ı¯ = dz¯ ı¯ (A.6)
∇λiA ≡ dλiA − 1
4
γab ω
abλiA − i
2
QλiA + ΓijλjA + ωABλiB (A.7)
∇λı¯A ≡ dλı¯A −
1
4
γab ω
abλı¯A +
i
2
Qλı¯A + Γı¯ ¯λ¯A + ωABλı¯B (A.8)
FΛ ≡ dAΛ + LΛψA ∧ ψBǫAB + LΛψA ∧ ψBǫAB (A.9)
where ωA
B = i
2
ωxσxA
B (ωAB = ǫ
ACǫDB ωC
D) and Q are connections on
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the SU(2) bundle defined on MT and on the U(1) bundle defined on MSK ,
namely Q = − i
2
(∂iKdz
i − ∂ı¯Kdz ı¯) with K being the Ka¨hler potential. The
index Λ runs from 0 to nV , the index 0 referring to the graviphoton. The
Levi–Civita connection onMSK is Γij and LΛ(z, z) = eK2 XΛ(z) is the upper
half (electric) of the symplectic section of special geometry. Note that equa-
tion (A.1) is a superspace constraint.
Instead of the hypermultiplet curvatures we have now the tensor multiplet
curvatures defined as
HI ≡ dBI − ωIAB ψA ∧ γaψB ∧ V a (A.10)
PAα ≡ PuAαdqu (A.11)
∇ζα ≡ dζα − 1
4
ωabγabζα − i
2
Qζα +∆αβζβ (A.12)
∇ζα ≡ dζα − 1
4
ωabγabζ
α +
i
2
Qζα +∆αβζβ. (A.13)
Applying the d operator to equations (A.1)–(A.13), one finds:
DT a +Rab ∧ V b − iψA ∧ γaρA + iρA ∧ γaψA = 0 (A.14)
∇ρA +1
4
γabR
ab ∧ ψA − i
2
K ∧ ψA − i
2
RA
B ∧ ψB = 0 (A.15)
∇ρA +1
4
γabR
ab ∧ ψA + i
2
K ∧ ψA + i
2
RAB ∧ ψB = 0 (A.16)
DRab = 0 (A.17)
∇2zi = 0 (A.18)
∇2z ı¯ = 0 (A.19)
∇2λiA +1
4
γabR
abλiA +
i
2
KλiA +Rijλ
jA − i
2
RABλ
iB = 0 (A.20)
∇2λı¯A +
1
4
γabR
abλı¯A −
i
2
Kλı¯A +R
ı¯
¯λ
¯
A −
i
2
RA
Bλı¯B = 0 (A.21)
∇FˆΛ −∇LΛ ∧ ψA ∧ ψBǫAB −∇LΛ ∧ ψA ∧ ψBǫAB
+2L
Λ
ψA ∧ ρBǫAB + 2LΛψA ∧ ρBǫAB +
+2mIΛ
(
HI + ωI A
Bψ
A
γaψB ∧ V a
)
= 0 (A.22)
∇HI −∇ωI AB ∧ ψB ∧ γaψA ∧ V a + ωI AB
(
ψB ∧ γaρA+
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+ψ
A ∧ γaρB
)
∧ V a − iωI ABψB ∧ γaψA ∧ ψC ∧ γaψC (A.23)
∇PAα = 0 (A.24)
∇2ζα +1
4
Rabγabζα +
i
2
Kζα +Rα
βζβ = 0 (A.25)
∇2ζα +1
4
Rabγabζ
α − i
2
Kζα +Rαβζ
β = 0 (A.26)
where the covariant derivatives are defined by equations (A.2), (A.3), (A.7),
(A.8), (A.12) and (A.13).
The solution can be obtained as follows: first of all one requires that the
expansion of the curvatures along the intrinsic p–forms basis in superspace,
namely: V , ψ, V ∧ V , V ∧ ψ, ψ ∧ ψ, V ∧ V ∧ V , V a ∧ V b ∧ ψ, V a ∧ ψ ∧ ψ
and ψ ∧ψ ∧ψ, is given in terms only of the physical fields (rheonomy). This
insures that no new degree of freedom is introduced in the theory.
Secondly one writes down such expansion in a form which is compatible with
all the symmetries of the theory, that is: covariance under U(1)–Ka¨hler and
SU(2)⊗Sp(2, m)⊗SO(nT ), Lorentz transformations and reparametrization of
the scalar manifold MSK ⊗MT . This fixes completely the Ansatz for the
curvatures at least if we exclude higher derivative interactions (for a more
detailed explanation the interested reader is referred to the standard reference
of the geometrical approach [18] and to the Appendices A and B of reference
[11]).
It is important to note that, in order to satisfy the gravitino Bianchi identity
in the ψ∧ψ∧ψ sector, the second term in equation (A.28), even though it is
a 3–fermion term, is essential since its presence allows the cancellation of the
shift term SAB in the gravitino parametrization (in the usual gauged N = 2
standard supergravity the shift SAB is instead cancelled by the additional
terms in the gauged curvature Rab).
The final parametrizations of the superspace curvatures, are given by:
T a = 0 (A.27)
ρA = ρ˜A|abV
a ∧ V b − ωIABU ICα
(
ǫCDCαβ ζβψD + ζ
α
ψC
)
∧ ψB +
−hIa ωIABψB ∧ V a +
(
AA
B|bηab + A
′
A
B|bγab
)
ψB ∧ V a
+
[
iSABηab + ǫAB(T
−
ab + U
+
ab)
]
γbψB ∧ V a (A.28)
Rab = R˜abcdV
c ∧ V d − i
(
ψAθ
A|ab
c + ψ
A
θabA|c
)
∧ V c +
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+ǫabcfψ
A ∧ γfψB
(
A′BA|c −A′A|cB
)
+
−2 iωI ABψAγaψB
(
hI b + 12 i∆I
α
β ζαγ
bζβ
)
+
+iǫAB
(
T+ab + U−ab
)
ψA ∧ ψB − iǫAB
(
T−ab + U+ab
)
ψA ∧ ψB
−SABψA ∧ γabψB − SABψA ∧ γabψB (A.29)
FˆΛ =
˜ˆ
F
Λ
abV
a ∧ V b + i
(
fΛi λ
iA
γaψ
BǫAB + if
Λ
ı¯ λ
ı¯
AγaψBǫ
AB
)
∧ V a (A.30)
∇λiA = ∇˜aλiAV a + i Z˜ iaγaψA + G−iab γabǫABψB +W iABψB (A.31)
∇zi = Z˜ iaV a + λ
iA
ψA (A.32)
PAα = P˜a
AαV a + ψ
A
ζα + ǫABCαβ ψBζβ (A.33)
HI = H˜IabcV
a ∧ V b ∧ V c − i
2
(
UIAαψAγabζα − UIAαψAγabζα
)
∧ V a ∧ V b(A.34)
∇ζα = ∇˜aζαV a + iPaAαγaψA − ihIa UI Aα γaψA +NAα ψA (A.35)
where:
AA
|aB = − i
4
gk¯l
(
λ
k¯
Aγ
aλlB − δBAλ
k¯
Cγ
aλlC
)
(A.36)
A′A
|aB =
i
4
gk¯l
(
λ
k¯
Aγ
aλlB − 1
2
δBAλ
k¯
Cγ
aλlC
)
− i
4
δBAζαγ
aζα (A.37)
θ
ab|c
A = 2γ
[aρ
b]c
A + γ
cρabA ; θ
abA
c = 2γ
[aρb]c|A + γcρab|A (A.38)
T−ab =
(N −N )
ΛΣ
LΣ
(
˜ˆ
F
Λ−
ab +
1
8
∇ifΛj λ
iA
γabλ
jBǫAB
−1
4
CαβζαγabζβL
Λ
)
(A.39)
U−ab =
i
4
λCαβζαγabζβ (A.40)
Gi−ab =
i
2
gi¯f
Γ
¯
(N −N )
ΓΛ
(
˜ˆ
F
Λ−
ab +
1
8
∇kfΛl λ
kA
γabλ
lBǫAB
−1
4
CαβζαγabζβL
Λ
)
(A.41)
SAB =
i
2
σxABω
x
I
(
eIΛL
Λ −mIΛMΛ
)
(A.42)
NAα = −2UIAα
(
eIΛL
Λ −mIΛMΛ
)
(A.43)
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W iAB = i gi¯ σxABgPxΛf
Λ
¯ +
+i gi¯ σxABωxI
(
eIΛf
Λ
¯ −mIΛhΛ¯
)
(A.44)
where according to what has been discussed in the main text, FˆΛ = FΛ +
2mIΛBI .
Let us now discuss the appearance in the parametrization of the fermions of
the shift terms SAB, W
iAB and NAα .
If we set these shifts to zero, we have the solution of the Bianchi identities
provided Fˆ is replaced by F . The extended solution containing these shifts
can be retrieved as follows: if we look at the Bianchi identity (A.22), with
Fˆ replaced by F , then adding the so far unknown shifts gives in the sector
ψ
B
γaψCV
b the following extra terms:
(
−1
2
ǫABW
iACfΛi + L
ΛSACǫBA + c.c.
)
2 iψ
B ∧ γaψC ∧ V a = 0. (A.45)
Taking into account the identities of Special Geometry [11], the solution of
equation (A.45) must have the following form:
SAC = DACΛ L
Λ (A.46)
W iAC = 2gi¯fΛ¯ D
AC
Λ (A.47)
where DACΛ is a set of nV + 1 SU(2) symmetric tensors so far undetermined.
The magnetic mass–shifts can be obtained as follows; we set:
DACΛ = −
i
2
σxACωxIm
IΛMΛ (A.48)
then using the Special Geometry identity:
g ı¯jfΛı¯ hΣj − c.c. = iδΛΣ + LΛMΣ − LΛMΣ (A.49)
one sees that the residual term
−mIΛMΛωIABψA ∧ γaψB ∧ V a (A.50)
is cancelled by the redefinition (2.11) using equation (A.10). This solution for
the magnetic shifts can be further generalized to include electric mass–shifts
by extending the definition of DACΛ as follows:
27
DACΛ → DACΛ +
i
2
σxACωxI e
I
ΛL
Λ. (A.51)
Indeed the new terms cancel identically by virtue of the Special Geometry
formula
g ı¯jfΛı¯ f
Σ
j = −
1
2
(ImN )−1|ΛΣ − LΛLΣ. (A.52)
Finally the mass–shift NAα can be computed from the gravitino Bianchi iden-
tity looking at the coefficients of the ψ ∧ ψ ∧ ψ terms. Indeed in this case
one finds, after a Fierz rearrangement, the following equation:
SAB = − i
4
σxABω
x
IU ICαNαC (A.53)
which determines NαA to be
NαA = −2UIAα
(
eIΛL
Λ −mIΛMΛ
)
. (A.54)
where we have used the identity [1]:
UIAαUJBα + UJAαUIBα =MIJǫAB. (A.55)
In this way equations (A.42), (A.44) and (A.43) are reproduced.
It is important to stress that the field–strengths R˜abcd, ρ˜A|ab, F˜
Λ
ab,
P˜Aαa ≡ PAαu ∇˜aq
u
, ∇˜aλiA, ∇˜aζα and their hermitian conjugates are not space–
time field–strengths since they are components along the bosonic vielbeins
V a = V aµ dx
µ + V aα dθ
α where (V aµ , V
a
α ) is a submatrix of the super–vielbein
matrix EI ≡(V a, ψ) (see Appendix A of reference [11]). Note that in the com-
ponent approach the ”tilded” field–strengths defined in the previous equa-
tions are usually referred to as the ”supercovariant” field–strengths.
The previous formulae refer to the theory without gauging of the group G. If
the gauging is turned on then we must use gauged quantities according to the
rules explained in reference [11]. In particular the differentials on the scalar
fields zi, z ı¯ and qu are redefined as in equation (3.35), (3.36), (3.36) and the
composite connections and curvatures acquire extra terms as explained in
reference [11]. Furthermore for the gauged theory the index Λ has to be split
according to the discussion of subsection 3.1. For example, equation (A.24),
(A.18) and (A.19) become:
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∇PAα −
(
F Λˇ − LΛˇψAψBǫAB − LΛˇψ
A
ψBǫAB
)
kuΛˇPu
Aα = 0 (A.56)
∇2zi −
(
F Λˇ − LΛˇψA ∧ ψBǫAB − LΛˇψ
A ∧ ψBǫAB
)
ki
Λˇ
= 0 (A.57)
∇2z ı¯ −
(
F Λˇ − LΛˇψA ∧ ψBǫAB − LΛˇψA ∧ ψBǫAB
)
kı¯
Λˇ
= 0. (A.58)
Furthermore the curvature 2–forms K, Rab, Rαβ become gauged according
to the procedure of reference [11].
Finally we recall that the solution we found is an on–shell solution, and it
also determines the geometry of the Special Ka¨hler manifold (see Appendix
A of [11]) and the geometry ofMT that has been analyzed in reference [1].
The determination of the superspace curvatures enables us to write down the
N = 2 supersymmetry transformation laws. Indeed we recall that from the
superspace point of view a supersymmetry transformation is a Lie derivative
along the tangent vector:
ǫ = ǫA ~DA + ǫA ~D
A (A.59)
where the basis tangent vectors ~DA, ~D
A are dual to the gravitino 1–forms:
~DA
(
ψB
)
= ~DA (ψB) = 1 (A.60)
where 1 is the unit in spinor space.
Denoting by µI and RI the set of 1– and 2–forms (V a , ψA, ψ
A, AΛ, BI) and
of the 2– and 3–forms
(
Rab , ρA, ρ
A, FΛ, HI) respectively, one has:
ℓµI = (iǫd + diǫ)µ
I ≡ (Dǫ)I + iǫRI (A.61)
where D is the derivative covariant with respect to the N = 2 Poincare´
superalgebra and iǫ is the contraction operator along the tangent vector ǫ.
In our case:
(Dǫ)a = i
(
ψAγ
aǫA + ψ
A
γaǫA
)
(A.62)
(Dǫ)α = ∇ǫα (A.63)
(Dǫ)Λ = 2L
Λ
ψAǫBǫ
AB + 2LΛψ
A
ǫBǫAB (A.64)
(Dǫ)I = ωI A
B
(
ψBγaǫ
A + ψ
A
γaǫB
)
V a (A.65)
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(here α is a spinor index)
For the 0–forms which we denote shortly as νI ≡ (qu , zi, z ı¯, λiA, λı¯A, ζα, ζα
we have the simpler result:
ℓǫ = iǫdν
I = iǫ
(∇νI − connection terms.) (A.66)
Using the parametrizations given for RI and ∇νI and identifying δǫ with the
restriction of ℓǫ to space–time it is immediate to find the N = 2 supersym-
metry laws for all the fields. The explicit formulae are given in Appendix A.
Let us now derive the space–time Lagrangian from the rheonomic Lagrangian.
The meaning of the rheonomic Lagrangian has been discussed in detail in the
literature. In our case one can repeat almost verbatim, apart of some mi-
nor modifications, the considerations given in Appendix B of [11]. We limit
ourselves to write down the rheonomic Lagrangian up to 4–fermion terms
since the 4–fermion terms are almost immediately reconstructed from their
space–time expression given in Appendix A by promoting the various terms
to 4–forms in superspace. The most general Lagrangian (up to 4–fermion
terms) has the following form (wedge products are omitted):
A =
∫
M4⊂M4|8
L. (A.67)
LGrav = RabV cV dǫabcd − 4
(
ψ
A
γaρA − ψAγaρA
)
V a (A.68)
Lkin = β1gi¯
[
Zia
(
∇z ¯ − ψAλ¯A
)
+ Z
¯
a
(∇zi − ψAλiA)
]
Ωa +
−1
4
β1gi¯Z
i
eZ
¯
fη
efΩ +
+iβ2gi¯
(
λ
iA
γa∇λ¯A + λ
¯
Aγ
a∇λiA
)
Ωa +
+iβ3
(
NΛΣFˆΛ+ab +NΛΣFˆΛ−ab
) [
FˆΣ+
−i
(
fΣi λ
iA
γcψ
BǫAB + f
Σ
ı¯ λ
ı¯
AγcψBǫ
AB
)
V c
]
V aV b +
− 1
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β3
(
NΛΣFˆΛ+ef FˆΣ+ ef −NΛΣFˆΛ−ef FˆΛ− ef
)
Ω +
+d1M
IJhId[
HJ − 2 i∆Jαβ ζαγaζβΩa
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− i
2
(
gJ
AαψAγabζα − gJAαψAγabζα
)
V aV b
]
V d +
− 1
48
d1M
IJhIehJfη
efΩ+
+b1PaAα
(
PAα − ψAζα − ǫABCαβψBζβ
)
Ωa +
−1
8
b1Pe
AαPeAαΩ+
+ib2
(
ζ
α
γa∇ζα + ζαγa∇ζα
)
Ωa +
+d2
(
HI − 2 i∆Iαβ ζαγaζβΩa+
+ωIA
B ψ
A
γaψBV
a
)
AIuP
u
CαP
Cα (A.69)
LPauli = β5FˆΛ
(
NΛΣLΣψAψBǫAB +N ΛΣLΣψAψBǫAB
)
+
+iβ6Fˆ
Λ
(
N ΛΣfΣi λ
iA
γaψ
BǫAB +NΛΣfΣı¯ λ
ı¯
AγaψBǫ
AB
)
V a +
+β7Fˆ
Λ
(N −N )
ΛΣ(
∇ifΣj λ
iA
γabλ
jBǫAB −∇ı¯fΣ¯ λ
ı¯
Aγabλ
¯
Bǫ
AB
)
V aV b +
+b5Fˆ
Λ
(N −N )
ΛΣ
(
LΣζαγabζβC
αβ − LΣζαγabζβCαβ
)
V aV b +
+b3
(
PAαζαγ
abψA + PAαζ
α
γabψA
)
ǫabcdV
cV d +
+d3
(
HI − 2 i∆IαβζαγaζβΩa
) (U IAγζγψA + U IAγζγψA
)
+
+d4
(
HI − 2i∆IαβζαγaζβΩa
)
∆I γ
δ
(
ζ
γ
γdζδ
)
V d (A.70)
Ltop = α eIΛ
[
FˆΛ − LΛψAψBǫAB − LΛψAψBǫAB − i
(
fΛi λ
iAγaψ
BǫAB+
+f
Λ
ı¯ λ
ı¯
AγaψBǫ
AB
)
V a −mJΛBJ
]
BI (A.71)
Ltors =
(
β4gi¯λ
iA
γaλ
¯
A + b4ζ
α
γaζα
)
TbV
bV a (A.72)
LShifts = iδ1
(
SAB ψ
A
γabψ
B + S
AB
ψAγabψB
)
V aV b +
+i δ2 gi¯
(
W iAB λ
¯
Aγ
aψB +W
¯AB λ
iA
γaψB
)
Ωa +
+i δ3
(
NαA ζαγ
aψA +NAα ζ
α
γaψA
)
Ωa +
+
(
δ4∇uNαAP uBβǫABCαβζαζγ + δ5∇iNαAζαλiA+
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+δ6gi¯∇kW ¯ABλ
iA
λkB + c.c.
)
Ω (A.73)
LPotential = −1
6
V(q, z, z)Ω (A.74)
where we have defined
Ω = ǫabcdV
aV bV cV d, Ωa = ǫabcdV
bV cV d (A.75)
and the scalar potential V(q, z, z) is given by equation (3.39). Furthermore
we have introduced auxiliary 0–forms Fˆ±Λab , Z
i
a, hIa, Pa
Aα whose variational
equations identify them with
˜ˆ
F
±Λ
ab , Z˜
i
a, h˜Ia, P˜a
Aα defined by the solution of
the Bianchi identities. These auxiliary fields have to be introduced in the
kinetic terms of the Lagrangian in order to avoid the Hodge duality operator
which would destroy the independence of the variational equation from the
particular bosonic hypersurface of integration.
The variational equations, together with the principles of rheonomy fix the
undetermined coefficients in the Lagrangian to the following values:
β1 =
2
3
; β2 = −1
3
; β3 = 4i; β4 = −1; β5 = 4; β6 = −4;
β7 =
1
2
; b1 = −4
3
; b2 =
2
3
; b3 = 2; b4 = −2; b5 = 1;
δ1 = 4; δ2 =
2
3
; δ3 = −4
3
; δ4 = − 1
12
; δ5 = −1
3
; δ6 =
1
18
;
d1 = −8; d2 = 8; d3 = −8; d4 = −8i; α = 8. (A.76)
In order to obtain the space–time Lagrangian the last step to perform is the
restriction of the 4–form Lagrangian from superspace to space–time. Namely
we restrict all the terms to the θ = 0 , dθ = 0 hypersurface M4. In practice
one first goes to the second order formalism by identifying the auxiliary 0–
form fields as explained before. Then one expands all the forms along the dxµ
differentials and restricts the superfields to their lowest (θ = 0) component.
Finally the coefficient of:
dxµ ∧ dxν ∧ dxρ ∧ dxσ = ǫ
µνρσ
√
g
(√
g d4x
)
(A.77)
32
gives the Lagrangian density written in section 3. The overall normalization
of the space–time action has been chosen such as to be the standard one for
the Einstein term.
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